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GEOMETRIC MODELLING PLANE CURVES
WITH A PARABOLIC CURVATURE UNDER SET
ITS DEVIATION FROM THE LINEAR DISTRIBUTION

The work is dedicated to the development of a new approach to the construction of a plane curve
line with a parabolic curvature for which curvature is defined by the deviation from the linear
distribution of curvature. This problem arises in cases when it is necessary to influence the curvature
distribution of the character portion of the flat curve, without changing the value of the curvature in
its limit points. Analysis graphics of the parabolic curvature distribution because of its deviation
from the linear distribution possible to determine the dependence for calculating the unknown
coefficients of the linear parabolic and the curvature distributions. This approach is implemented as
a software application on the object-oriented programming language Object Pascal.
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Research on geometric modeling of plane curves occur in the following areas: architecture and
construction, the rational distribution of objects, metal processing, agricultural machinery, fire
fighting equipment and technology, aircraft, turbines and compressors, etc.

There are different approaches to geometric modeling curves are flat lines. One of them is based
on the notion of integral curve and the model proposed in [4], was further developed in the works of
scholars and their students of the Mykolaiv office of the Ukrainian Association on applied geometry
which, in particular, deal with issues of geometric modeling of curves and surfaces in relation to the
blade turbines and compressors of gas turbine engines. These objects have peculiarities due to the
specific working conditions and therefore require the development of specific approaches to the
formation of flat sections and on the basis of their surfaces, which limit the course of the working
substance, so in this case, important characteristics that are submitted to the stroke, is the continuity
of curvature and torsion (spatial lines).

General questions of geometric modeling of the spatial flat and curved contours illuminated in
[8]. Flat curved contours, as well as their simulation with the use of graphs of the distribution of
curvature is devoted to the publication of [1- 4, 6, 7].

Some approaches to forming of integral curves for a given law of distribution of curvature,
given in [1], where a method of computer simulation of planar contours based on the circular spline.

In works of scientists of the Mykolaiv scientific school and their students considered the
approach to geometric modeling of curves are flat lines with the use of a given distribution of
curvature [2, 3, 6, 7], in this case the boundary conditions are used to build these (or their
combination): the coordinates of the start, intermediate and end points of curved contours, the
angles of inclination of tangents to the flat curve at these points or some of them, the curvature at
the given points.

The distribution of curvature is defined in General terms, for example, in [2] considers linear, in
[3] is parabolic, and in [7] is cubic. In one of the reviewed works are not prompted to explore areas
of flat curves when you change the character of distribution of curvature.

The aim is to develop a new approach to building a flat curve of parabolic curvature for which
curvature is given by the deviation from the linear distribution of curvature. This problem arises in
cases when it is necessary to influence the distribution of curvature plot flat curve without changing
the values in the curvature of the boundary points.



Consider the plot a flat line curve, shown in fig. 1 [5], where: § — the length of the arc of the
plot; ds — the differential of the arc; ¢(0) — the tangent angle at the starting point; ¢(S) — the angle of
the tangent at the end point of the curve.

This curve corresponds to a certain distribution graph of its curvature K(s), uilt in dependence on
the arc length of the contour (fig. 2).
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Fig. 1. The plot is flat curve Fig. 2. Schedule of distribution of curvature

If the graph of the distribution of curvature is known, then build a curve that corresponds to it,
without any problems. Indeed, the differential of the arc ds at the given values of the tangent angle
to the x axis equal to:

ds = do/K(s).
Integrating this expression to find the angle of inclination of the tangent to the curve at arbitrary
point:

<p<s>=<p<o>+jo'z<<s>ds.

Consider the case [2] when the curvature of the curve contours along the arc s varies linearly
(fig. 3).

Since the curvature of the curve linearly changes from K to K, to write the change of curvature
in the form of straight line equation in general form:

As+BK (s)+C=0,
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where 4 = ,B=-1,C=K,, K, (S) — the dependence of the curvature of the length of

the arc.
For the linear law of change of curvature along a curve of a circle the formula for the calculation
of the tangent angle will look like this:

<pl<s)=<p,<o)+s(§+cj_

Consider the plot a plane curve [3], which is generated under the condition that the graph is set
to a parabolic distribution of the curvature of the curve (fig. 4).
Describe the curve shown in the figure, the parabola of the second degree:
K,(s)=as* +bs+c,
where K, (S) — an parabolic dependence of curvature of arc length, ¢ = K, and the remaining
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coefficients are based on aS +b =
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Fig. 3. Graph a linear dependence of Fig. 4 Graph parabolic distribution of
curvature of arc length curvature

The angle of the tangent to the curve will be calculated according to the formula:

(pz<s>=@2<o>+s[s(%s+§j+cj.

For determining all coefficients of the parabolic distribution of the curvature will consider its
deviations from the linear distribution (fig. 5).
The distance between the parabola and straight line,
K d(s) K, depending on the length of the arc (from analytic geometry)
will be determined as follows:

B ‘AS +BK2(S)+ C‘

d 1
K Ny v

The deviation of the parabolic distribution of the
- curvature of a line will set a maximum distance. For its
0 S s location, we find the first derivative of an expression (1):

Fig. 5 The deviation of the parabolic d' ( )_ + A+ B (2as + b)
distribution of curvature from a linear S)== \/ L+ B

and equate it to zero:

A+ B(2as +b)=0.
Express the length of the arc at which the derivative is equal to 0 and denote the variable 5 __ :

é+b

B
max . (2)
2a
Substitute the expression (2) to (1) and after transformation we find the maximum deviation of
the parabolic distribution of curvature from a linear:

aS?
Ao =
4
Hence the unknown factor a of a parabolic distribution of curvature is equal to:
4d_
a= S
Then
_K,-K - 4d
S

Thus, the obtained expressions to obtain the unknown coefficients of the parabolic distribution
of the curvature, taking into account its deviation from the linear distribution.



In the fig. 6 shows the curvature distribution for different values of maximum deviations
parabolic curvature distribution of linear distribution. In this case on fig. 6, a shows the distribution
of curvature when dpax = —0,3; —0,4; —0,5, and fig. 6, 6 — when dnax = 0,3; 0,4; 0,5.

In the pictures the order in which the curvature corresponds to the order given in the
descriptions to the pictures.
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Fig. 6 Distribution of curvature depending on the maximum deflection of a
parabolic distribution of curvature from a linear

Find the equation of the curve, which is formed on the basis of a given distribution of curvature.
With fig. 1 it follows that
dx = dscos(s); dy = dssing(s).
Integrating these expressions we obtain the parametric equations of the curve, which made for
setting arc length of the arc:

x(s):x(o)+;jcow(s)ds;

y<s>=y<o>+;fsm<p<s>ds,

where x(0), y(0) — the coordinates of the start point of the curve.

These equations are the equations of the spiral, and the integrals are evaluated by numerical
methods, e.g. Simpson method.

The parametric equation of the curved area of the rim, obtained with a linear law of change of
curvature will look like this:

(s)=x (o)+zcos((p](o)+s(§+chs;
y(s)= yl(o)+jsm(¢l ORES cjjds,

0



an using a parabolic distribution of curvature — this:

o(s)= xz(o)+Icos((pz(o)ﬂ(s(%gj+chs;
yz(s)=yz(o)+Ism(%(ops(s(g_s+gj+cjjds_

For the analytical representation of the contour applies a parabolic distribution of the curvature
with a predetermined deviation from a linear distribution dmax, unknown primary K; and end K>
meaning curvature and arc length curve S.

Write parametric equations of the curve and substitute in them the coordinates of the start and
end points, arc length, and expressions for determining the coefficients of the parabolic distribution
of curvature. After transformation we have the following system that consists of two equations:

s 2 K,-K,|
X, _xo+jcos((po+s{§{2dm (ﬁ—lj # +K1} ds;
0 _

2s K, —K |
+ | sin + 2d_ | ——-1|+———|+K, } |ds.
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In this system of equations three unknowns. For its numerical solution we write the equation of
determining the angle of inclination of the tangent to the curve at the end point and substitute into it the
expression to determine the coefficients of the parabolic distribution. After a number of transformations
we obtain a formula for the determination of the curvature at the endpoint of the curve:

K_z(A‘P 2q j—K].
S

3

This formula will substitute the system of parametric equations of the curve obtained before and
after the transformation will have:

s 2 ]
X, =X, +Icos((po +% AS(P K, —gd (1—%) +K1sts;
0 L _

2

i s*[ Ag 4 s)]
=y, + [sin| @, +—| = —K, ——d_|1-=||+K,s |ds.
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The resulting system of equations can only be solved numerically, e.g. with Newton's method.
But you need to determine the derived equations for the unknown parameters S'1 K;:

_:__J' — 5 )sin ®(s)ds;

8f2 :lJ' —5)cos D(s )ds ;
S
%:l {cosd)( ) (Sag+s8£]sm®( )}d s ;
os Sy s as
S
9 _1 sin (s + (Sag+sa£jcos®( ) |ds
oS S3 oS 0s

where
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For the practical implementation of the proposed method of constructing a curvilinear contour
of a given curvature developed by the software in the language of object-oriented programming
Object Pascal in the visual design Delphi.
In fig. 7 shows the curves that were modeled with a variable value of the maximum deviation of
the parabolic distribution of curvature from a linear distribution.
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Fig. 7 The curves obtained for different values of the maximum deflection of a parabolic
distribution of curvature from a linear distribution

The result of geometric modeling a plane curve with a parabolic criminal given it deviated from
the linear distribution of the resulting integrated system of parametric equations describing this
curve and provides its passage through the two points specified in their angles of inclination of
tangents. Further research will be directed toward finding the optimal values of the maximum
deflection of a parabolic distribution of curvature from a linear deviation.
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Cepriiit YCTEHKO, Onexcanap CUHSIBIH
M. Mukonais

TEOMETPUYHE MOJIEJTIOBAHHSI IIJIOCKOI KPUBOI 13
IMMAPABOJITYHOIO KPUBHHOIO ITPU 3AJIAHOMY
Ii BUIXHUJIEHI BLJI JIIHIMHOI'O PO3IOALTY

Poboma npucesuena po3pobyi Hoeoco nioxody 00 nobyoosu niockoi Kpueoi nimii i3 napabonivHow
KPUBUHOIO, OJIsl IKOT 3a0aEMbCsl GiOXUNCHHS KPUSUHU 810 JIHIIH020 po3nodiny Kpueunu. Taxka 3a0aua uHuKac y
BUNAOKAX KOAU NOMPIOHO GNIUSAMU HA XAPAKMep PO3N0OLLY KPUSUHU OLIAHKU NJIOCKOI Kpueoi JiHil, He
SMIHIOIOUU NPU YbOMY 3HAYEHHSI KpUSUHU 6 ii epanuunux mouxax. [locnioscenns epagiky napaboniunozo
PO3NOOINY KPUBUHU 3 YPAXYEAHHAM U020 GIOXUIEHHs 6I0 JUHIUHO20 PO3NOOITY O00380JUL0  GUBHAYUMU
3a1eHCHoCmi 0151 OOHUCTICHHST HeGIOOMUX KoeqhiyieHmie napaboniuHo2o ma JIHIHO20 PO3NOOINIE KPUBUHU.
3anpononosanuil nioxio peanizoéano y uisioi NPoOSPAMHO20 000AMKY 00 €KMHO-OPIEHMOBAHON MOBOIO
npoepamyeants Object Pascal.

Kniouosi cnosa: niocka xpusa, Kpusuna, po3nooil KpUGUHU, 2eoMempuyne MoO0emo8anis, napaboriyHuil
PO3NOOLN, NIHIUHUL PO3NOOLT, GIOXUNEHHSL.

Cepreiit YCTEHKO, Anexcangp CUHSABUH
r. Hukomnaes

TEOMETPUYECKOE MOJIEJIMPOBAHUE IIIOCKOMN KPUBOU
C HAPABOJINYECKOM KPUBU3HOM ITPU 3AJAHHOM EE
OTKJIOHEHWH OT JIMHEWMHOT O PACIHIPEJEJIEHUS

Paboma noceawena paspabomke H06020 hnooxo0a K NOCMPOCHUIO NIOCKOU KPUGOU JUHUU C
napabonuueckol KpugUsHot, 0151 KOMOPOU 3a0aemcs OMKIOHEHUe KPUBU3HbL OM JUHEHO20 PACHPeOeNeHUs
kpususnol. Taxas 3a0aua 603HUKAEM 6 CIYUAsX, KO20A HYICHO 6030€liCmE08amp HA Xapakmep pacnpeoeneHus
KPUBU3HBL YHACMKA NJIOCKOU KPUGOU TUHUU, He MEHSISL NPU SMOM 3HAUEHUEe KDUBUSHBL @ €€ NPeOelbHbIX MOYKAX.
Hccneoosanue epaguxa napabonuieckozo pacnpedenenus KPUGUsHbL C YUemom €20 OMKIOHEHUsl OM TUHEUHO20
pacnpeoenienus NO360AUN0 ONpedelums 3a6UCUMOCIU Ol GbIMUCTCHUS. HEU36ECMHbIX KOIDDuyueHmos
napaboauecko20 U JUHENHO20 pacnpeodeselull KpuusHovl. IIpednodceHHblll NO0X00 pealu308an 6 6uoe
NPOSPAMMHO20 NPUTIONCEHUSL HA 0ObEKMHO-OPUCHIMUPOBAHHOM 53biKe npoepammuposanus Object Pascal.

Knouesvle  cnosa: nnockas —Kpueas, KpUSU3HA,  pacnpeodeieHue  KPUBU3HBL, — 2eOMEempuiecKkoe
Moldenuposanie, napaboauueckoe pacnpedeienue, TUHelHoe pacnpeoeienue, OMKIOHEHUe.
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